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ABSTRACT 
Centrohermitian and skew-centrohermitian matrices are defined in analogy to 
centrosymmetric and skew-centrosymmetric matrices. The main result of this paper is 
that each square centrohermitian (skew-centrohermitian) matrix is similar to a matrix 
with real (pore imaginary) entries. 
1. INTRODUCTION 
A number of publications deal with centrosymmetric and skew-centro- 
symmetric matrices (e.g. [l]-[7]), b t u matrices which by analogy can be 
called centrohermitian and skew-centrohermitian respectively seem not to 
have been studied at all. 
DEFINITION. The p X q complex matrix M = [mik] is called centrohemi- 
tiun if 
- 
mjk=mp+l-i,~+l-k (l<j<p, l<k<q) 
and is called skew-centroherrnitian if 
- 
mik= -mp+l-i,q+l-k (l< i ( p, 1 (k(q), 
(14 
(1.2) 
where Z denotes the complex conjugate of z. 
We denote the sets of all p X q centrohermitian and skew-centrohermi- 
tian matrices by CH,,s and CH;,,, respectively. 
Let V,, be the n X n matrix V, = [6i,n+ 1 -k], where 8+ denotes the 
Kronecker delta. Thus V is a permutation matrix with l’s on the secondary 
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diagonal. With help of the matrices V the defining relations (1.1) and (1.2) 
can be collected in the matrix relations 
VpMVq = G (1.3) 
and 
VpMVq = - c. (1.4 
From these it is obvious that a p X q centrohermitian or skew-centrohermi- 
tian matrix can be written in the following partitioned form: 
A Bv, 
M= 
+ v,B 2 VJV, 
if p=2m q=2n, (1.5.1) 
A a BV 
M= 
2 v,B -+ v,a IL v,Av, I 
if p=2m q=2n+l, (1.5.2) 
A Bv, 
M= bT + Pv, if p=2m+l q=2n, (1.5.3) 
2 v,B t V,,,A-V,, 
A a Bv, 
M= bT C +- PV, I if p=2m+l q=2n+l, ? v,E + v,a 2 V,,,A-V, 
(1.5.4) 
where A, B E Cm x n, a E @,x 1, b EC,, x 1, c E R, and the symbot T indicates 
the forming of the transpose. In each form of (1.5) the plus sign is valid for 
centrohermitian matrices, the minus sign for skew-centrohermitian matrices. 
The present paper deals with centrohermitian and skew-centrohermitian 
matrices (Sets. 2 and 3 respectively). As the main result it is shown that there 
exists an inner automorphism of Cyx4, the ring of all q X q complex 
matrices, isomorphically mapping CH,,,, the ring of square centrohermitiun 
matrices, onto Rqx9, the ring of real matrices; and CH,,,, the set of 
skew-centrohermitian matrices, onto iR,,,, the set of matrices with pure 
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imaginary entries. As a corollary of this result we obtain a full characteriza- 
tion of the elementary divisors of the square centrohermitian and skew- 
centrohermitian matrices. 
2. CENTROHERMITIAN MATRICES 
First of all let us remark that the permutation matrix V is symmetric; 
therefore it is an involutorial matrix, i.e. V2= I, the unit matrix. The unit 
matrix Z is obviously centrohermitian. 
In the following proposition a number of elementary properties of 
centrohermitian matrices are collected which can be proved directly by 
using (1.3). 
PROPOSITION 2.1. 
(a) Zf M is centrohermitian, then MT, VM, MV and AM are centrohermi- 
tian for arbitrary A E R. 
( /3) Zf MI and M2 are centrohermitian .matrices of the same size, then 
M, +- M, are centrohermitian as well. 
(y) Zf MI and M, are centrohennitian matrices of size confnmable for 
the multiplication M,M,, then the product MlM2 is centrohermitian. 
(6) Zf M is centrohermitian, then its Moore-Penrose inverse M + is 
centrohermitian as well. 
COROLLARY 2.1. 
(1) The centrohermitian matrices of size p x q form a pq-dimensional 
linear space over II& 
(2) The square centrohermitian matrices fnm a regular ring with unit 
element. 
In order to get further information about the centrohermitian matrices 
let us consider matrices Q satisfying the relation 
VQ= Q. (24 
DEFINITION. A matrix Q satisfying (2.1) is called lej? V-real. 
REMARK 2.1. We note that the set of left V-real matreces is not empty. 
A direct calculation shows that the square matrices, of even and odd order 
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are nonsingular left V-real. Further we remark that if Q is left V-real and R 
is an arbitrary real matrix (of appropriate size), then QR is left V-real as well. 
We are now in a position to formulate and prove a theorem giving full 
information about the spectral properties of square centrohermitian matrices. 
THEOREM 2.1. Let Tp and Uq be non-singular left V-real matrices, and 
denote by cp the mapping cp : M-+T,-‘MU, for all M EC,,,. Then cp is a 
module automorphism of cpx 4 which maps CH,.,, the set of all p x q 
centrohermitian matrices, onto Iwpx4, the set of all p x q real matrices. 
Proof. Since cp is trivially a module automorphism of CPx4, it is 
sufficient to show that M E CHPx4 =+ q(M) E lwPxQ and conversely R E 
Iw pxq * @l(R) E CHpxq. 
For arbitrary nonsingular left V-real matrices Tp and Uq we have 
VPTP = FP, v,q= uq; 
yP- ‘VP = T - 1 
P ’ 
uqpq= u-1 
4 . 
Therefore if M E CHp x q, then q(M) = Tp- ‘MU, is real, since 
-- 
q(M) = i’,-lMU,= T,-lVpMVqU,= T,-lMU,=cp(M). 
Conversely, let R E [w,,,; then q-‘(R)= TpRUq-’ is centrohermitian, since 
- -- 
V~JJ-~(R)V~=V~T~RU~-~V~=T~RU~?= q-‘(R). n 
REMARK 2.2. It is worthwhile to have a look at the partitioned form of 
the real matrix R = v(M) for a centrohermitian matrix M of the form (1.5) if 
Tp=Qp and Uq=Qq, th e matrices (2.2). We give only the case when M is of 
size 4, since the other cases can be obtained by dropping the middle row 
and/or column. Denote by Re Z and Im Z the real and imaginary part of the 
matrix Z; then for the (2m + 1) X (2n + 1) matrix R = q(M) = Qzkl+ 1MQ2n+ 1 
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we get 
= 
v,iY v,a vmLTvn J 
Re(A + B) 
1 
-Rea 
xf% 
-Im(A- B) 
1 1 
b5!i? Reb 
T c - hImbT 
fi 
) --&Ima Re(A- B) Im(A + B 
(2.3) 
In the sequal the considerations are restricted to square centrohermitian 
matrices; therefore the indices p and 9, m and n can be omitted. Theorem 
2.1 for the square case has some important consequences. First of all we 
have the following corollary. 
COROLLARY 2.2. Let U be a nonsingular left V-real matrix, and denote 
by cp the mapping cp:M-+U-‘MU fm all ME@~~~. Then ‘p is an inner 
automorphism of the ring Cgxq which isomorphically maps CHqxq, the ring 
of all q x q centrohemitian matrices, onto Iwqx4, the ring of all q x q real 
matrices. 
Let us observe that the automorphism ‘p involved in this corollary 
performs a similarity transformation between centrohermitian and real 
matrices. Therefore theorems concerning the spectral properties of real 
matrices hold for centrohermitian matrices too. Thus we have the following 
theroems. 
THEOREM 2.2. 
(a) If X, is a characteristic value of the centrohennitiun matrix M and if 
the corresponding elementay divisors are 
(A - A,)$ (A -A&. . . , (A - h,)f, 
then & is a characteristic value of the matrix M as well, and the correspond- 
ing elementary divisors are 
(A-x$, (A-x(y )..., (A-qy. 
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(b) A centrohermitian matrix of odd order always has a real characteris- 
tic value. 
THEOREM 2.3. There exists a centrohernzitiun matrix with any prescibed 
elementary divisors satisfying the restrictions (a) and (b) of the preceding 
theorem. 
3. SKEW-CENTROHERMITIAN MATRICES 
A number of properties of centrohermitian matrices have analogue.s for 
skew-centrohermitian matrices. This follows immediately from the following 
obvious proposition. 
PROPOSITION 3.1. The matrix M is skew-centrohennitian if and only if 
iM is centroherrnitian, and hence CHix, = i CH,.,. 
This simple relation between the centrohermitian and skew-centrohermi- 
tian matrices enables us in particular to assert analogues for skew-centro- 
hermitian matrices of the results of Sec. 2. Their statement is left to the 
reader.. 
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